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The background

The Kuramoto-Sivashinsky equation

ut = - (u + uxx)xx + ux2 

is a widely accepted paradigm of self-generated chaos.  The conserved version (CKS)


ut = - (u + uxx + ux2)xx   

occurs in the description of crystal growth, where its solution describes the profile of ledges under some special growth conditions.  The profile consists of a series of parabolas that come together in vanishing regions of large, diverging curvature (cusps) and that evolve over time in a coarsening process: large parabolas grow on expense of surrounding smaller parabolas.  In a recent publication [1] it has been shown that if one associates “particles” with the cusps, the evolution is equivalent to a system of particles on the line where each particle attracts the nearest-neighbor particles with a force proportional to the inverse distance, and particles coalesce upon encounter.  The system is overdamped, so that the velocity of the particles is proportional to the force they experience and the evolution is free from fluctuations and completely deterministic, the only stochastic element being the initial (random) location of the particles.  Because the reaction between particles is instantaneous the system is in the transport-limited regime and its kinetics is anomalous – different from single-species coalescence in the reaction-limited regime – and is dominated by deviations from a uniform concentration of the particles at all length scales, posing a formidable problem for analysis.  Transport-limited processes such as this have been studied at length in the non-viscous case where the particles diffuse in the absence of forces, but little work exists on anomalous kinetics of overdamped deterministic particle systems.  The few exceptions include annihilation of domain walls between spins, that attract one another with an exponentially decaying force, as well as the “cut-in-half” model of Derrida (a simple toy model for nucleation of droplets), and similar models where the particles move ballistically at speeds taken from an initial random distribution but without forces between the particles.  With this in mind, we have decided to enrich our knowledge of deterministic processes by generalizing our reaction model to nearest neighbors that attract with a force proportional to an inverse power alpha of their distance (the case of alpha=1 corresponding to the CKS equation), and study the kinetics as a function of alpha.

The work

We have studied the above model both numerical and analytically.  At the simplest level, dimensional analysis predicts that the typical gap between particles grows as the time to power 1/(1+alpha).  This coarsening law is fully supported by simulations.  At a deeper level, the distribution of gap lengths, measured from numerical simulations, shows interesting detail: for example, for small lengths it increases as the length to some power, beta, and the exponent beta has a non-trivial dependence upon alpha.  In order to study the gap distribution analytically we have developed a Fokker-Planck approach for the joint probability density for finding m consecutive gaps of a given length at time t.  The equation for the m-distribution function requires knowledge of the (m+1)-distribution function, resulting in an infinite hierarchy of equations.  This infinite hierarchy can be truncated in the usual Kirkwood scheme, approximating (m+1)-distributions in terms of m- and (m-1)-distribution functions. Truncation at the lowest level of m=2 corresponds to ignoring all correlations between adjacent gaps and it yields a tractable equation that predicts beta=alpha.  (This seems to be true for large values of alpha – indeed, in that case the forces become short range and correlations should disappear.)  Truncation at he next level, of m=3, seems intractable, however, interesting conclusions can be drawn from the equations even without solving them in full, highlighting the crucial role of correlations in this type of models. When the system is subject to an homogeneous input of particles it arrives at a steady-state that is less affected by correlations (due to the randomizing effect of the input) and the first-level truncation provides then a much better description of the numerical results.  The formalism we propose should be applicable to other deterministic models with few modifications. There remain several open questions and we plan further work on the problem, but we expect to publish our preliminary results in the next few weeks.
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